A simple two-level model is developed and used to test the properties of effective interactions for performing nuclear structure calculations in truncated model spaces. It is shown that the effective manybody interactions sensitively depend on the choice of the single-particle basis and they appear to be minimized when a self-consistent HartreeFock basis is used.
Introduction
Assuming that only two-body interactions act among nucleons in nuclei, we can write the nuclear Hamiltonian as
This Hamiltonian can be divided into two terms, H 0 and H I , as
where H 0 is the one-body Hamiltonian which defines a single-particle basis and H I is the two-body "residual" interaction. If the Schrödinger equation
could be solved in the infinite Hilbert space for a many-body system, the results would not depend on the choice of the one-body potential u, or, equivalently, the single-particle basis. In practice, in order to solve Eq.(3), one must truncate the infinite Hilbert space to a finite model space and introduce an effective interaction (V eff ) to be used in the truncated model space. For an A-nucleon system, the effective interaction V eff will, in principle, have two-[V (2) eff ], three-[V (3) eff ], ..., and A-body [V
eff ] parts. If the exact effective interaction, containing all (two-to A-body) components, can be obtained, the results will again be independent of the choice of the one-body potential u. However, three-and more-body effective interactions are difficult to calculate and are often ignored in practical shell-model calculations with the hope that they are small. One is then left with only the two-body effective interaction V (2) eff for performing nuclear structure calculations in a severely truncated model space.
With recent developments on the effective interaction theory, i.e., the use of the no-core model space [1, 2] and the Lee-Suzuki approach [3, 4, 5] to the folded-diagram series, we can now calculate the effective two-body interaction accurately. The question is how to choose u to give the best approximation to the exact results when retaining only the V (2) eff part of the effective Hamiltonian.
In this work, we will use an exactly soluble two-level model (so that exact eigenenergies can be obtained) to show that the contribution to the ground-state energy from the often-neglected many-body effective interactions depend quite sensitively on the choice of the one-body potential u. We show that the Hartree-Fock (HF) self-consistent one-body field, appears to minimize the three-and more-body effects and consequently, the two-body effective interaction alone becomes a good approximation. This paper is organized as follows. In the next section, we give a brief review of the effective interaction theories. In section 3, we introduce a simple two-level model and calculate the energy-independent two-body effective interaction for an arbitrarily chosen, non self-consistent, single-particle basis.
In section 4, we repeat the calculation performed in section 3 for a selfconsistent Hartree-Fock basis and compare the results with those obtained in section 3. Finally in section 5, we give our conclusions.
Energy-Independent Effective Interactions
When the full Hilbert space is divided into P and Q spaces with P projecting out the model space from the full Hilbert space and Q projecting out the excluded space, the P -space effective interaction for an eigenstate with an eigenenergy E can be written [6] 
Note that E, the energy of the many-body system which we wish to calculate, appears in the right-hand-side of the above equation. For this reason, the above effective interaction is also referred to as the energy-dependent effective interaction.
About ten years ago, Lee and Suzuki [3] proposed a method for calculating an energy-independent effective interaction. This method is based on a "generalized" G matrix, which is defined as
This generalized G matrix, which depends on a starting energy ω, is often referred to as the Q-box [7] . Obviously, the generalized G matrix, or the Q-box, becomes the energy-dependent effective interaction V eff (E) when ω is chosen to be equal to E.
It is easy to see that for a two-particle system (A=2), the generalized G matrix becomes the Brueckner two-body G matrix [8] . Exact methods [9, 10] exist for calculating the Brueckner G matrix as a function of the starting energy ω. However, the generalized G matrix is an A-body operator and is generally difficult to evaluate when A > 2. If it ever becomes possible to calculate G(ω), the energy-independent effective interaction V eff can then be obtained through an iterative procedure proposed in Ref. [3] . Applying the Lee-Suzuki iterative procedure is equivalent to summing over all the folded diagrams which are not included in the generalized G matrix calculation.
Further details on the Lee-Suzuki iterative methods can be found in Refs. [3, 4, 5] .
In the case of a one-dimensional model space (one can always choose the model space to be one-dimensional no matter how many particles are involved), the effective interaction V eff for the model space becomes a number (i.e., a one-by-one matrix). It is then apparent by comparing Eq. (4) and Eq. (5) that when the starting energy ω happens to be one of the eigenenergies of the system, E, one has
i.e., there is no need to utilize the iterative procedure and, therefore, the contribution from the folded diagrams vanishes. In this case, no iterations are needed to obtain the effective interaction V eff from G(ω).
In other words, in the case of a one-dimensional model space, the LeeSuzuki approach to V eff simplifies to the following equation for E:
which may be solved graphically. This has been shown explicitly in Ref. [5] .
It is also shown in Ref. [5] that Eq. (7) is equivalent to the secular equation for the eigenenergies:
Therefore, the solutions to Eq. (7) Because it is not known how to compute G(ω) for a system of A nucleons, the usual procedure is to start with the nuclear (or Brueckner) two-body reaction matrix G (2) [8] and try to calculate the two-body effective interaction V
eff . Assuming that the effective three-and higher-body forces are small, one can then use such an effective two-body interaction as input to shell-model programs, such as the oxbash code [11] to perform model-space diagonalizations for the entire system. We briefly outline how one obtains the effective two-body interaction V (2) eff from the starting-energy-dependent Brueckner two-body G matrix.
The Brueckner G matrix represents the infinite summation (ladder sum) of two-particle scatterings. This is defined, in analogy to Eq.(5) for G(ω),
where P 2 and Q 2 are now two-particle projection operators, which determine the allowed and forbidden intermediate states into which the two particles can scatter. Note that G (2) is defined to depend on a starting energy ω 2 . It is clear that this starting energy refers to a two-particle system and when one approximates V eff by omitting many-body interactions, ω 2 is different from the starting energy ω in G(ω).
The ω 2 -independent two-body effective interaction V
eff can be obtained from G (2) spin-up proton (p ↑), spin-down proton (p ↓) spin-up neutron (n ↑) and spin-down neutron (n ↓). The Hamiltonian for this model is determined by H 0 , represented by the single-particle energies (spe) of the two levels (ǫ 1 and ǫ 2 ), and H I , represented by 14 antisymmetrized, normalized two-body matrix elements (tbme) [ ab|H I |cd J,T ]. Our choice for the spe and the tbme is given in Table 1 .
As our first calculation, we diagonalize, using the oxbash shell-model code [11] , the Hamiltonian in the full two-level space for A=2, 3 and 4. The results obtained are exact and are given in Table 2 in the column under the heading "Exact". Next we truncate the two-level space to a smaller space containing only the lower level, which means that we must construct the effective Hamiltonian appropriate for this model space.
As we mentioned in the Introduction, for the truncated space, the effective interaction V eff for an A-body system can be written as
When only the two-body part V
eff is kept in shell-model calculations, the choice of the single-particle basis becomes important as we shall see below.
In this section, we will use the original single-particle basis (|1 and |2 , as used in Table 1 ), which is not a self-consistent basis, to calculate the effective two-body interaction V (2) eff . In the next section, we will introduce a self-consistent HF basis for A=4 and re-calculate V (2) eff and compare the results obtained in these two sections.
To obtain the energy-independent effective two-body interaction V
eff , we start with the starting energy-dependent two-body G matrix and apply 
Similarly, for the J=1, T =0 channel, we have 
Clearly, these two-particle G matrix elements depend on the starting energy ω 2 . As in Ref. [4, 5] , we now use the Lee-Suzuki method [3] to obtain the energy-independent two-body effective interaction, which is equivalent to summing over the two-particle folded diagrams to all orders. We obtain the following results: 
It is easy to verify that the above numbers are precisely the eigenenergies of the two-particle system (A=2) whose Hamiltonian is defined by Table 1, as they must be [5] , since it is just an application of Eqs. (6) and (7) to a simple A=2 case.
The ground-state energies of the A=3 and A=4 systems, when we neglect effective many-body terms in Eq. (10), can be expressed in terms of these two matrix elements as
and
The results are (noting that ǫ 1 =0):
These differ from the exact results of -12.938 for E 3 and -27.703 for E 4 by about 1.0 and 3.8, respectively. The discrepances reflect the importance of the neglected effective three-and (for A=4) four-body terms.
V
eff for a Self-Consistent Basis
Addressing the case with the largest discrepancy, we now consider a selfconsistent HF single-particle basis for the ground state of the A=4 system.
We rewrite the original Hamiltonian of Table 1 as
In the previous section, we have set U =0. In this section, we use a selfconsistent one-body field U generated by all the A particles in the system.
It can be obtained iteratively by using the following equations where n represents the iteration number:
where |α i , |β i , |γ i , etc. are the single-particle states in the i-th iteration and the summation (γ) is over the occupied states. The tbme in the above expression are normalized and antisymmetrized. When converged, we obtain a self-consistent HF basis.
It is obvious from the above equations that the resulting single-particle basis, defined by H ′ 0 = (H 0 + U ), and the two-body residual interaction H ′ I = (H I − U ) are mass-dependent and should only be applied to the system for which they are calculated.
It is easy to work out the self-consistent HF basis for A=4, which is a "closed-shell" system in our two-level model. The new single-particle states, denoted by |1 ′ and |2 ′ , are linear combinations of the old ones:
The corresponding single-particle energies are:
The tbme of the residual interaction (H ′ I = H I − U ), evaluated using the new basis, are given in Table 3 .
Note that the tbme of H ′ I listed in Table 3 are A-dependent not only because the one-body potential U is A-dependent but also due to the fact that when tbme are calculated for a one-body potential, a factor 1/(A − 1) has to be introduced:
With the self-consistent single-particle basis, there is no coupling between the 0p-0h configuration and the 1p-1h configuration. This is guaranteed by the following equation:
Now in the HF basis, we can obtain an estimate of the ground-state energy of A=4 even before calculating G JT by using the lowest-order in H ′ I estimate of V (2) eff in Eq.(16):
which gives E HF 4 =-27.283 MeV. Note that this result is already closer to the exact energy of -27.703 MeV than the result obtained in the previous section for A=4.
For the HF basis, we then calculate the effective two-body interaction for the truncated model space. The results are (V (2) eff ) 01 = 6.091 , (V
eff ) 10 = 4.738 .
Table 3: The single-particle energies of H ′ 0 = (H 0 +U ) and the two-body matrix elements of H ′ I = (H I − U ) for the Hamiltonian defined in Table 1 with the self-consistent HF single-particle basis: |1 ′ = 0.92785|1 + 0.37295|2 , and |2 ′ = −0.37295|1 + 0.92785|2 .
So the ground-state energy for A=4, using an effective two-body interaction in a self-consistent basis, is
eff ) 10 = −27.645.
This is extremely close to the exact result of -27.703 MeV.
It should be pointed out that the good agreement with the exact result is mainly due to the fact that, with the HF basis, the matrix elements
are very small (see Table 3 ). As we have mentioned previously, the sum of these two matrix elements vanishes in the HF basis [Eq.(27)]. We further notice that the exact ground-state energy (i.e., the energy obtained in the full-space matrix diagonalization) of the A=4 system, E 4 , does not depend the magnitude of each of the two matrix elements, which we denote by x:
However, it is clear that the effective 2-, 3-, and 4-body contributions to E 4 do depend on x. In fact, as shown in Fig.1 , the leading-order diagrams for the effective 2-, 3-, and 4-body forces involve x. Therefore, when we increase x, the effective 2-, 3-, and 4-body interactions will all change but these changes produce no net effect on E 4 which remains the same. In particular, one can show that as x increases, the effective 2-body interaction becomes more attractive while the effective 3-body interaction becomes more repulsive. The smallness of x in the HF basis means that the effective manybody interactions are minimized and, consequently, the result using only the effective two-body interaction is in good agreement with the exact result.
Conclusions
With the Lee-Suzuki iterative method, it is now feasible to calculate the exact, energy-independent, effective two-body interaction for a no-inert-core model space from the starting-energy-dependent Bruckner G matrix G (2) (ω).
We have demonstrated through a simple two-level model that when only the two-body effective interaction is used for shell-model calculations in a truncated model space, the choice of the single-particle basis is very important.
An optimal choice of the single-particle basis should be chosen to minimize the neglected three-and more-body effective interactions. We have shown that a self-consistent HF basis serves this purpose very well for the two-level model. Encouraged by these results, it is now worth examining the more realistic situation when one must calculate G (2) (ω 2 ) in some chosen basis before any self-consistency calculation may be attempted. The present results indicate that one should choose a realistic single-particle H 0 for each A (assuming realistic is close to self-consistent) in order to minimize the neglected effective many-body forces.
